The formulation of the Chern-Simons action for 
general compact Lie groups using 
Deligne cohomology * 



We formulate the Chern-Simons action for any compact Lie group us- 
ing Deligne cohomology. This action is denned as a certain function on 
the space of smooth maps from the underlying 3-manifold to the classify- 
ing space for principal bundles. If the 3-manifold is closed, the action is 
a C*-valued function. If the 3-manifold is not closed, then the action is 
a section of a Hermitian line bundle associated with the Riemann surface 
which appears as the boundary. 

1 Introduction 

For a connection A on a principal SU (2)-bundle over a compact oriented 3- 
manifold M, the Chern-Simons action functional (CS action) fl2| , |?J is 



If M has no boundary, then e 2 ^V^S(A) j g c*- V alued, but if M has boundary, 
then e 2 ^V^S(A) takes values in the fiber of a Hermitian line bundle associated 
with the boundary. This description can be applied to all connected, simply 
connected compact Lie groups because any principal bundle of such a structure 
group is topologically trivial on a 3-manifold. 

In the case of general compact Lie groups, Dijkgraaf and Witten |6| denned 
an extension of the Chern-Simons action as follows. It is known that there 
exists a certain connection on the universal bundle EG called the universal 
connection p] . By means of the universal connection A u we can identify a 
smooth G-bundle equipped with a connection over M with a smooth map from 
AI to the classifying space BG. Then we introduce differential characters Q . A 
degree p differential character a £ H P (X, K/Z) is by definition a homomorphism 

*1991 Mathematics Subject Classification. Primary 81Txx; Secondary 81S10, 57D20. 
f The author's research is supported by Research Fellowship of the Japan Society for the 
Promotion of Science for Young Scientists. 



Kiyonori Gomi t 



Abstract 




from the group of p-singular cycles of X to R/Z such that there exists a specified 
(p + l)-form uj and the relation a(dr) — f T u> holds modulo Z for all (p + 1)- 
singular chains. We define a u £ H 3 (BG, R/Z) by the characteristic 4-form 
^zTr{F u A F u ), where is the curvature form of A u . Then the CS action 

S : Map(M, BG) — ► R/Z 

is defined by 5(7) = 7*a„(M). 

In this definition M is treated as a 3-singular cycle. So this action is well 
defined only if the underlying 3-manifold M has no boundary. Therefore we 
need some alternative tool in order to formulate the action when M has a 
boundary. The purpose of this paper is to formulate the action using Deligne 
cohomology j^, [|, ||. The Deligne cohomology H p (X,T q ) is by definition the 
hypercohomology group of the complex of sheaves T q : 

^T dl ° S 4 1 d d .q 

where T x is the sheaf of unit circle valued functions on X and Af x is the 
sheaf of p- forms on X. One of the reasons to introduce Deligne cohomology is 
that there is a natural isomorphism between the group of differential characters 
H P (X, R/Z) and the Deligne cohomology group H P (X,T P ). Another reason is 
that Gawedzki || defined a topological term of the Wess-Zumino-Witten model 
for a general target space using Deligne cohomology. Applying his method to 
the 3-dimensional case, we can formulate the CS action as an analogy. 

Using Deligne cohomology we define the CS action as follows. First we 
take a Cech cocycle representation of a certain Deligne cohomology class c u £ 
H 3 (BG, J- 3 ) which is uniquely determined by the characteristic 4-form on BG. 
Secondly we construct an open covering {Wz} of Map(M, BG), where M is a 
compact 3-manifold. For each open set Wa a T-valued function Am-,a is defined 
by integrating the Cech cocycle. If M is closed, these functions give rise to a 
global function which we call the CS action 

Am ■■ Map(Af , BG) -> T. 

If a 3-manifold is not closed, the local functions do not glue together to form 
a global function. But they give rise to a section of a certain Hermitian line 
bundle. For a closed Riemann surface S the line bundle — > Map(E, BG) is 
constructed by transition functions with respect to an open covering. We call 
this line bundle the Chern-Simons line bundle. The transition functions are 
defined by integrating the Cech cocycle which represents c u . The isomorphism 
class of this line bundle depends only on the Deligne cohomology class c„. In 
the case of a 3-manifold M with boundary, the local function Am-,a gives rise 
to a global section 

Am '■ Map(Af , BG) — * r* Cqm , 

where r is the restriction map to the boundary. We also call this section the CS 
action. The CS action defined here satisfies some properties that are considered 
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to be the axioms of "Classical Field Theory." In particular, it is compatible 
with the gluing operation of 3-manifolds. 

The organization of this paper is as follows. In Section || we define Deligne 
cohomology and summarize basic properties. In Section || we define the Chern- 
Simons action for general compact Lie groups and the line bundle associated 
with a closed oriented Riemann surface. We also observe the fundamental prop- 
erties of the action and the line bundle. 

Acknowledgments. I would like to thank Prof. Kohno for useful comments 
on this subject. 



2 Deligne cohomology 

In this section we define Deligne cohomology ^, Q and observe its important 
properties. 

Definition 2.1. Let A_ x be the sheaf of smooth p-forms on a smooth manifold 
X, and T x be the sheaf of unit circle valued functions on X. We define a 
complex of sheaves T q by 

T x ^ rflOS A x -L^ ■■■~ d ^A x . 

The hypercohomology group H p {X,T q ) is called the Deligne cohomology group. 

Usually we compute the Deligne cohomology by Cech cohomology. Taking 
an open covering {Ui} of X, we compute the Cech cohomology H p ({Ui}, F q ). 
Then H p (X,J 7q ) is obtained by the direct limit taken over the ordered set of 
open coverings of X, where the order is defined by the refinement of coverings. 
If we take a good covering then H p {{Ui},T q ) is isomorphic to H p (X,J 7q ). 
In this paper we use D to denote the total differential operator on the Cech 
double complex. 

Theorem 2.2 (Brylinski [§). The Deligne cohomology H P (X,T P ) fits in the 
following exact sequences 

— ► H p (X,T) — ► H p {X,T p ) A p+1 (X) — ► 0, 

— ► A p (X)/A p (X) — ► H P {X,T P ) H p+1 (X,Z) — > 0, 

— ► H p (X,R)/H p (X,Z) — ► HP(X,J r P) ( ^ 2) R p+1 (X,Z) — > 0, 

where A k (X)o is the group of integral k-forms on X. R k (X,Z) is defined by 

{(lo,u) £ A k (X) a x H k (X,Z)\r(u) = [uj},r: H k {X,Z) -> H k (X,R)}. 

The homomorphisms Si, S2 are defined as follows. Let (g,ui ,■ ■ ■ , u p ) be a Cech 
cocycle representation of a Deligne cohomology class. The image under Si is 
just -^dio 9 glued together, and the image under 62 is the cocycle logoff, 

where 5 is the Cech derivation. 
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A trivial example of Deligne cohomology is H°(X,!F ). We can easily see 
that H°(X, T°) = H°(X,T X ). In this case the Deligne cohomology group is 
the group of T- valued functions on X. As another example of Deligne coho- 
mology, we explain the classification of Hermitian line bundles with Hermitian 
connection. The set of isomorphism classes of line bundles over X has a group 
structure realized by tensor products of line bundles. It is well known that 
H 2 (X,Z) = H 1 (X,T_ X ) is isomorphic to the group of isomorphism classes of 
line bundles over X. If we endow a connection with a line bundle, we can 
classify the isomorphism classes of them in terms of the Deligne cohomology. 

Theorem 2.3 (Brylinski [^J). The group of isomorphism classes of Hermi- 
tian line bundles with Hermitian connection over X is isomorphic to the Deligne 
cohomology group H 1 (X,J- 1 ). 

Proof. Let (i, V) be a Hermitian line bundle with a Hermitian connection over 
X. We can take an open covering {Ui} such that there are local sections {sj : 
Ui — ► i|c/i}- We define the transition functions {gij : Ui H Uj — ► C*} by 
Si = gijSj. Because L is equipped with a Hermitian metric, takes values 
in T. By the Hermitian connection V we define the connection forms {ai} by 
Vsj = — yf^lca ® Si. Then we have a Cech cochain (gij,oti) G C 1 ({Ui} , F 1 ) . 
This cochain is a cocycle because the following relations are satisfied: 

9ij9jkgki = 1, 

oti-ctj = —. L=d\oggij. 

v— 1 

If we take other local section s^, then we have the Cech cocycle (g^-, which 
is cohomologous to (gij,oa). This construction of the Cech cocycle gives a 
homomorphism from the isomorphism classes of Hermitian line bundles with 
Hermitian connection to JJ 1 (X, T 1 ). If local sections {si} give (gij,cti) whose 
cohomology class is trivial, then we have a global horizontal section of L. This 
implies that (L, V) is trivial and the homomorphism is injective. If we are given 
a cohomology class of H 1 (X, T 1 ), then we express the class by a Cech cocycle 
with respect to an open covering. Obviously the Cech cocycle gives rise to a 
Hermitian line bundle with a Hermitian connection. Hence the homomorphism 
is surjective and the theorem is proved. □ 

If a Hermitian line bundle with a Hermitian connection is given by a Deligne 
cohomology class, the curvature form and the 1st Chern class correspond to the 



images under — <5i,(52 of Theorem 2.2 respectively. 

There exists a natural isomorphism between the differential character group 
of Cheeger-Simons and the Deligne cohomology. 

Definition 2.4 (Cheeger-Simons [||]). Let X be a smooth manifold and S q (X) 
the group of smooth q-singular cycles of X . A differential character a of degree 
p is defined as a homomorphism a : S P (X) R/Z such that there exists a 
specific (p+ l)-form u> satisfying a(dr) = J T uj modulo Z for all (p+ \)-singular 
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chains of X. The group of such homomorphisms is called the degree p differential 
character group and is denoted by H p (X,R/Ij). 



Theorem 2.5 (Brylinski-McLaughlin H). There exists a natural isomor- 
phism 

H P (X,R/Z) = H P {X,T P ). 

3 The CS action for a general compact Lie group 

In this section we observe the formulation of the Chern-Simons action functional 
using Deligne cohomology. Roughly speaking, (the exponential of 2tt^/— 1 times) 
the CS action is a C*-valued function on the set of principal bundles with 
connection. So we have to choose a bundle with connection before we define the 
action. Firstly we fix a compact Lie group G. It is well known that any smooth 
G-bundle E over a manifold M can be realized as the pull back of the universal 
bundle EG by a smooth map 7 from M to the classifying space BG. More 
generally, it is known by Narashimahn and Ramanan jllj that there exists the 
so called universal connection A u on EG for any compact Lie group G, and any 
connection A on E can also be realized as the pull back of A u by the smooth 
map from E to EG covering 7 : M — > BG. This enables us to identify a smooth 
map from M to BG with a G-bundle equipped with a connection. We denote 
the space of smooth maps from M to BG by Map(M, BG). The map space has 
the compact-open topology. 

We choose a Deligne cohomology class of H 3 (BG, J 73 ). On EG we have 
the universal connection A u which we fix throughout this paper. The standard 
argument of the characteristic classes implies that the 4-form -^Tr(F u A F u ) 
is an integral 4-form on BG, where F u is the curvature form of A u . It is well 
known that the odd cohomology groups of BG vanish. By the help of Theorem 



2.2, we can uniquely choose a Deligne cohomology class c u that corresponds to 



the integral 4-form above. If we take a good covering {U a } of BG, then we can 

O.qOliO.2 ' OtQCV.1 5 



express c u by a Cech cocycle (sa 0ttia2 a 3 ,wL ia2 ,^ G C 3 ({U a }, T 3 ) 



such that ^duj 3 — -^Tr{F u A F u )\xj ■ The explicit formula of this cocycle is 
known by Brylinski and McLaughlin ||. 

Definition 3.1. Let {U a } a ei be an open covering of BG and K = {ctq, o\, 02, 03} 
a triangulation of a compact oriented smooth 3-manifold M , where o~ p denotes 
the p- simplex. For the covering and the triangulation, we choose a map <j) '■ K — > 
I. We denote the image of a by <f> a . For a pair A — {K,4>}, we define an open 
set of Map(M, BG) by 

W A = {7 G Map(A/,SG)| 7 (a p ) C U^ p (p = 0,1,2,3)}. 
All choices of A = {K,<j>} give the covering {Wa} o/Map(M, BG). 

Lemma 3.2. (1) Let Wa be an open set with A = {K, <f)}, and K a subdivision 
of the triangulation K . We define an induced map <f>' : K' — > I as follows. For 
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each simplex a' € K' there exists a unique simplex a £ K including a' whose 
dimension is the lowest. The map is defined by <j>' a , = <p a . For A' — {K', </>'} we 
have Wa = W a> as sets of maps. 

(2) LetWA ,W Al be open sets with A Q ^ {K ,(f> }, Ax = {Kx,^ 1 }. We take 
a common subdivision K of Kq, K\. To the subdivision we induce maps (f) ,^ 1 
from (j) ,^ 1 respectively. We put Aq = {K, <fi°},Ax = {K, (j) 1 }. If we define the 
intersection of Wa and W Al by 

w Ao nw Al := w Ao nw Ai 

= { 1 €Ma,p(M : BG)\j(a p )cUj >0 D 0* (p = 0, 1, 2, 3)}, 
then the intersection is independent of the choice of the subdivisions. 

Remark 1. For triangulations K\ and K2 such that \Ki\ = \Ki\, there exists 
a common subdivision of them \lt 



Proof. We can directly verify (1) by the definition of the induced map (j)' : K' — > 
/. Using (1) we can prove (2). □ 

For a triangulation K — {ctoj ■ • • > °~d} of a d-dimensional manifold X, we 
define the set of flags of simplices of K by 

Fk{p) = {(a p ,a p+ x, . . . ,<Td)Wi € K,a { c da i+1 ,i =p,...,d-l}. 

If X is oriented, ad has the orientation which is compatible with that of X. If a 
flag (dp, . . . , ad) is given, then the orientation of a p is induced from that of ad- 
We perform the integration over a simplex along the induced orientation. 

Definition 3.3. Let M be a compact oriented smooth 3-manifold, {U a } a good 
covering of BG, and (g, ui , to 2 , uj 3 ) a Cech cocycle representation of c u . From 
the covering of BG we have the open covering {Wa} o/Map(M, BG). For each 
open set W A ^ we define a function 

A M - A :W A ^T 

by the following 

Am-Ai) = expV^H / T*^ 3 - E / ^* w l„ 2 K 3 

F K {1) ai ) F K (0) 

Lemma 3.4. Let Wa be an open set of Map(M, BG) with A = {K,<fi}. For a 
subdivision K' of K , we induce the map cf>' : K' — > I and put A 1 = {K', 4>'}. On 
Wa = Wa> we have 

A M -a(i) = A M ;A'(l)- 
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Proof. By the construction of </>' we have 

E - EE //^=EE 

F*/ (3) 7 ff 3 3 <X 3 «r£ 7 ff 3 3 (?"3 ct^ CT 3 

CT3CCT3 ct^Cct 3 

- E / T*< 3 - 

F Jf (3)" /<73 

We can calculate the other terms using the property of the Cech cocycle, i.e. 
u... a ...a... = 0. So the lemma is proved. □ 

Lemma 3.5. Over the intersection Wa (> H Waj 7^ we /iGwe 



[f S K(2) J<T2 




F aK (0) 



Remark 2. We omzi i/ie ttMe for brevity. 

Proof. This is shown by direct computation using the cocycle condition of the 
Cech cocycle and Stokes' theorem. □ 

Lemma 3.6. Let [i = (g , u 1 , uo 2 , uj 3 ) , fi' — (g' , uj' 1 , uj' 2 , uj' 3 ) be Cech cocycle rep- 
resentations of c u . We have fi' — fi = Dv, where v = (^,7r 1 ,7r 2 ) is a Cech 
2-cochain. When we define Am-A using the cocycle representation fi, we write 
Am^-a- The following formula holds. 



Am,h+Dv,a {i)Am,h;A (7) 




x n ^„i 1 *» 2 ^w)- 

Fg K (0) 



Proof. The calculation of Am,Dv,a using Stokes' theorem gives the formula. □ 
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Theorem 3.7. Let M be a compact oriented 3-manifold without boundary. We 
define a map 



A M (7) : Map(M, BG) T 

by Am\w a = Am-,A ■ This map is well-defined and depends only on the Deligne 
cohomology class c u . 



Proof. The wcll-definedness of Am is proved by Lemma 3.5. If we fix an open 



covering of BG, we can prove that Am is independent of the cocycle represen- 



tation by Lemma 3.6. In order to prove that Am is independent of the choice of 
open covering of BG, we consider a refinement of an open covering. In this case 
we can take the induced covering of Map(M, BG) and cocycle representation of 
c u that does not change the value of Am- So this proposition is proved. □ 

We call Am the CS action. The action satisfies the properties which are 
considered to be the axioms of "Classical Field Theory." For the original action 
refer to 0. 

Proposition 3.8. Let M be a compact oriented 3-manifold without boundary. 
The CS action Am satisfies the following properties. 

(aj(Functoriality) Let 4>* : Map(M, BG) -> M&p(M',BG) be the map in- 
duced from a diffeomorphism 4> ■ M' — > M. For 7 £ Map(M, BG), we have 

A M >(<t>*i) = A M {i)- 

(b)( Orientation) Let M be a closed 3-manifold. We denote the manifold with 
opposite orientation to M by —M. Then we have 



A-m{i)=Am{i), 

where the bar denotes complex conjugation. 

(c)(Additivity) If M — Mx\JM% (disjoint union), then we denote the restric- 
tion of 7 to M\ , M2 by 71 , 72 respectively. We have 

A Ml uM 2 {n) = -4j\/ 1 (7i)A/ 2 (72)- 

Proof. These properties are the consequences of the local sum definition of the 
action. For (a), we construct a triangulation K' of M' and a map a' by pulling 
back K and a of M . Then the functoriality of the integration shows (a). If one 
reverses the orientation of M , then the integration over the oriented simplex 
changes sign. Thus (b) is proved. The formula in (c) is obtained by separating 
the summation of the simplices. □ 

Proposition 3.9. Let M be a compact ^manifold bounding M . If we have 
7 : M — > BG by restricting 7 : M — > BG, then we have 

A M {l) = exp ^ / TTr{F u A F u ). 
4?r J m 
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Proof. If (g, uj 1 , uj 2 , cu 3 ) be a cocycle representation of c u , then we have ^dcj 3 — 
■^Tr{F u A F u )\u a by definition. We triangulate M by K = {a , . . . , a 4} and 
chose a map cj) : K —* I. We compute the right hand side of the formula as 
follows. 



47T 



[ TTr(F u A F u ) = V^TJ2 ! = V=l £ / 

J M ~ J a a tp J &3 

4 4 F K(3) 



~* 3 

7 ^1 



Applying Stokes' theorem and the cocycle conditions, and canceling the sum- 
mation over the simplices in the interior of M, we obtain the left hand side of 
the formula. □ 

The original Chern-Simons action is also computed by integrating over a 
bounding 4-manifold. This implies that our definition of the action for a general 
compact Lie group is an extension of the original one. 

As stated in the introduction, Dijkgraaf and Witten || formulated the CS ac- 
tion for general compact Lie groups using the differential characters of Chccgcr- 
Simons. We chose the differential character a u € H 3 (BG, K/Z) specified by the 
characteristic 4-form -^jTr(F u /\F U ), where F u is the curvature form of the uni- 
versal connection. In this case the action Sm '■ Map(M, BG ) — > R/Z is defined 
by S M (l) = J*a u (M). The isomorphism of Theorem |J and H 3 (BG) = 
imply the exact correspondence between a u and c u . This establishes the next 
result. 

Theorem 3.10. For an arbitrary closed 3-manifold, the formulation of the 
Chern-Simons action in this paper coincides with that of Dijkgraaf and Wit- 
ten, i.e. exp 2tt\J~^1Sm{i) = -4m (7)- 

Next we formulate the CS action in the case that the underlying 3-manifold 
has boundary. For the purpose we describe a certain line bundle associated with 
a Riemann surface E using Deligne cohomology. Let K be a triangulation of E 
and </> : K — > I be a map, where / is the index set of an open covering of BG. 
Putting A — {K, cj)} we have an open set Ua of Map(E, BG). The collection 



{Ua} gives an open covering of Map(E, BG) (see Definition 3.1) 



Definition 3.11. Let E be a Riemann surface, {U a } an open covering of BG, 
and (g,uj 1 ,Lu' 2 ,uj 3 ) a Cech cochain of C 3 ({U a } , T 3 ) . We define a Cech cochain 
{G AoAi ,£Ia) € C 1 ({Ua},F 1 ) by the following 



G Ao aM = expx/^lJ £ f 7 *( 



Fk 

X 




F k (0) 
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E / 7*i*(«jj- E / ^H^J 

F K (2) Ja2 F K (l) J ^ 



(ixO0( 7 ) - - 

+ E ^K^^X-rM), 

where X is a section of j*T(BG) — * E which is thought of as a tangent vector 
at 7 € Map(E, -BG), and txw is ifte inner product of a tangent vector X and a 
differential form u>. 

Lemma 3.12. If a Riemann surface E is closed an d (g, uj , uj 2 ,uj 3 ) is a cocycle, 



then the cochain (GaoA-i , &a) defined in Definition 3.11 is a cocycle 



Proof. We prove D(Ga a 1 , ^a) = 0. By using the cocycle condition of (g, uj 1 ,uj 2 , uj 3 ) 
and Stokes' theorem, we have 

(SG)a a 1 a 2 (i) = {Ga 1 a 2 G a ^ oA2 GaoA 1 ){i) 
= exp^i / 

Fok(0) 

and 

fcX ({Sfl)A A 1 - -^=d\ogG Ao A^j (7) 

= E / 7*^(^o i0ii )- 53 ('xK^yir^vyijl^W)' 

Because 9E = 0, the cocycle condition holds. □ 

Note that if a Riemann surface has boundary then the cochain (Ga Ai > ^a) 
needs not be a cocycle. 

Corollary 3.13. If we define a homomorphism 

1> : C 3 ({U a },T 3 ) — > CWa},^ 1 ) 



by ip ((g, uj 1 , uj 2 , oj 3 )) — (G,il) using Definition 3.11, then we have 



ij(Z 3 ({U a },F 3 )) ^Z\{Ua},T x ). 

Definition 3.14. Let E be a Riemann surface without boundary. Fix a good 
covering of BG and a Cech cocycle representation of c u . We have the open 
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covering {Ua} of Map(E, BG) and a cocycle (Ga Ai , &a)- Then we define a 
Hermitian line bundle 

£ E — > Map(£,5G) 

by 

Cv=1[{Ua x C}/~, 
where the equivalence relation is given by 

(l, «o) ~ (7, z i) & z o = Ga Ai (l)zi 

for (7, Zi) G Ua { x C. A Hermitian metric on is defined by the usual metric 
on C. We also define a Hermitian connection V by the 1-forms {SIa}- 

We call Cy, the Chern-Simons line bundle. 

Proposition 3.15. Let £ be a Riemann surface without boundary. The iso- 
morphism class of the CS line bundle with the connection V) depends only 
on the Deligne cohomology class c u . 

In order to prove this proposition we use the following theorem. 



Theorem 3.16. The homomorphism of Corollary 3.1$ induces the homomor- 
phism of Deligne cohomologies 

* : H 3 {BG, T 3 ) — ► iJ 1 (Map(S, J BG),J : ' 1 ). 

Proof. First we fix an open covering {U a } and show that ip induces 

i> : H 3 {{U a },T 3 ) — H\{U A }, T 1 ). 

For (£,7r\7r 2 ) € C 2 ({U a }, T 3 ) we define (K A ) G C {{Ua},F 1 ) as follows. 

[ F K (2) Ja2 F K (1) J ^ ) 

>< n ^u^M ao)) - 

F K (0) 

We can verify ip (-D(£, tt 1 , n 2 )) = D{Ka) by direct computation using Stokes' 
theorem. This implies that 

^(B 3 ({U a },T 3 )) cBWa},? 1 ). 

Hence ip induces the homomorphism ip of Cech cohomologies. 

Secondly, we show that the homomorphism of Deligne cohomologies induced 
from tp is well-defined. An open covering {U' a ,} is a refinement of {U a } if there 
exists a map of indices p : {a'} — > {a} such that U' a , C U p ( a t\. The refinement 
of the open covering of BG induces a refinement of the coverings of the map 
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space as follows. If a triangulation K of E and a map <j>' : K — ► {a'} are given, 
then we have an open set 

U' A , = { 7 G Map(E,BG)| 7 (a p ) C Efy (p = 0,l,2)}, 

where A' = {if, <//}. We can define a map i? : {A'} — > {A} of indices of 
the coverings of the map space by R(A') = {K,po </)'}. It is easy to see that 
U' A , cKm. So we have a refinement {U' A ,} of {U A }. These refinements induce 
homomorphisms of Cech cohomologies p, R which commute with tp as follows. 

H 3 ({U a },F 3 ) — ^ H 3 ({U' a ,},F 3 ) 



Taking the direct limit, we obtain the well-defined homomorphism 

* : H 3 {BG,F 3 ) — ► ff 1 (Map(E,BG), .F 1 ), 
which is induced from ^. □ 



Remark 3. The general formula of Theorem 3. It is known j^J 



Proof of Proposition 3.11 . By Theorem |2.3| an isomorphism class of a line bun- 
dle with a connection corresponds uniquely to a Deligne cohomology class. The 
Deligne cohomology class that corresponds to the isomorphism class of (£s, V) 
is expressed by ^(c u ). So the isomorphism class is uniquely determined by 
c u . □ 

Proposition 3.17. The curvature form o/(£e,V) is 

±- f ev*Tr{F u A F u ), 
j s 

where ev : Map(E, BG) x E — > BG is the evaluation map and J„ is the fiber 
integration along E. 

Proof. Let (g , cu 1 , uj 2 , uj 3 ) be a cocycle representation of c u . Note that ^da; 3 = 
■^Tr(F u AF u )\u a . We obtain the curvature form by the computation of — dCl A 
using the following formula 

>>x k ■ • ■ ixj f 7 *^ +p = / l*(ix k ■ • ■ ix a d + (-l) k di Xk ■ ■ ■ L Xo )co k+ P. 

J <7 p J (J p 

□ 
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For a 3-manifold M with boundary E we denote the restriction map by 

r : Map (A/, BG) -> Map(E, EG). 

The pull back r*£ s is by definition r*£ s = ]j{r _1 t/A x C}/ ~. It is easy to 
see that t~ 1 Ua = U^a> where the open set VVj with A = {K 7 cj)} is defined 
by the triangulation K of M such that dK = K, and the map <f> : K —> I such 
that (f>\ 9 K — <t>- When A = {K, <j)} and A = {K, cj)} have the above relation, we 
write dA = A for short. 

Theorem 3.18. Let M be a 3-manifold with dM — E, and fix a cocycle repre- 
sentation of c u . We define a section 

Am : Map(M, BG) -► r*£ s 

by AM\ r - 1 Un{l) = (7 > -A m .a(j))> where dA — A. This section is well-defined 
and takes its values in the unit norm. 

Proof. Let VV^ , be two open sets such that dA = dAi = A. By Lemma 
3.5 we have A M .^ a — A M .£ . So AM\ r ~ 1 u A is well-defined. Let IAaoMax be 
open sets of Map(E, BG). On the non-empty intersection r" 1 ^/^, n r^ 1 UA 1 we 
have A-mIt^Uao = ^A a A 1 AM\ r - 1 u Al using again Lemma ^J. This shows that 
Am is indeed the section of r* £j> By definition A M . A takes its values in the 
unit norm. □ 

We also call Am the CS action. 

Proposition 3.19. Let M be a 3-manifold with boundary E, and fi, /jf cocycle 
representations of c u . When we use the cocycle representation \x to define the 
CS action and the CS line bundle, we write Am,^ and • The CS action 
satisfies the following formula 

(/>*(Am,im) = Am,h', 

where 4>* *s the linear map on the space of sections induced from the bundle 
isomorphism <f> : — * £s,p' ■ 

Proof. If two cocycle representations fj,, // are given, then we have // — fj, = Dv, 
where v = (£, n 1 ,^ 2 ) . By Proposition 3.15, the line bundles £% 4l and £s, M ' are 
isomorphic. The bundle isomorphism ip is defined by 

(7,2) h-> (-f,zK A (j)), 

where (7, z) £ Ua x C and Ka is the function defined in the proof of Theorem 
3.16 . By Lemma 3.6 we have 4>*{AM,^\r- 1 u A ) = ^-M.^'\ r - l u A - This implies the 
formula in the proposition. □ 

For 7 S Map(M, BG) we canonically identify the fiber r* Cqm I with L 



7 """*-8M|g 7 ) 

where dj — r(^). So the CS action takes its values in the fiber of the CS line 
bundle A M {l) € C dM \ 9l - 
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Proposition 3.20. Let M be a compact oriented 3-manifold with non-empty 
boundary dM = £. The value of the CS action and the CS line bundle £s 
satisfy the following properties. 

(a) (Functoriality) Let (jf : Map(E, BG) — > Map(S',SG) be the map induced 
from a diffeomorphism <f> : E' — > £. For 7 € Map (M, _BG) £/iere is a natural 
isometry 

^ :£s la 7 ^ £s 'L*o 7 )- 
Moreover, if (f> : S' — > £ is i/ie restriction of $ : M ' — > M, £ften we /iave 

^m'($*(7))=^m(7)). 

(b) (Orientation) Concerning the orientations of manifolds, the following 
holds. 

^- s ld 7 = ^ s la 7 ' 



A-m{i) = A M {l)- 

(c) (Additivity) 7f£ = £1 U £2? i/ien we Ziaue 

Moreover if M = M\ U M2, with dMi — £j, f/ien we /iaue 
^MiUM 2 (71 u 72) = A Ml (71) ® Am 2 (72) 

under the isometry. 

(d) (Gluing) Suppose that a closed Riemann surface £ is embedded in M. If 
we cut M along £, we /iawe a new manifold M cut with dM cut = dM USU — £. 
£e£ 7 cut 6e ifte map induced from 7 6y restricting M to M cut , and £ the map 
induced from 7 &?/ restricting M to E. TTien there is the contraction 

Tr ? : CgM cut I a7cut = £-dM I g 7 ® £s I ? ® | ? -> ^0J\/ 1 S7 , 
and we /iaue 

Tr 5 (^A/ cuf (7c«t)) = -4 a/ (7)- 

Proof. Note that the CS action and the transition functions of the line bundle 
are expressed by summations of local terms. So the properties (a), (b), (c), (d) 



are verified in the proof of Proposition 3.8. □ 



Proposition 3.21. Let E be a Riemann surface without boundary and I the 
unit interval. We identify a map V : E x / — > BG with a path 7 : I — > 
Map(E, BG). Then the value of the CS action 

A^A^eC^^C^ 
coincides with the parallel transport along 7 determined by the connection V. 
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Sketch of the proof. We should verify that the CS action of T satisfies the differ- 
ential equation of the parallel transport determined by the connection V. For 
this purpose we construct a path in IAa by endowing Ex/ with a specific trian- 
gulation that is induced from the triangulation of E. Then explicit calculation 
of the action with respect to this triangulation shows the following 



d ( 1 

dt 



-^=io g ^ Sx[ o )t ](r| Sx[04] )J = - h si A . 



This will complete the proof. □ 



Proposition 3.22. A map 7 : M — > BG is a stationary point of the action 
Am if cind only if it induces a flat bundle. 

Proof. First we take a map 70 : M — > BG. We can make a path of connections 

on ^qEG by setting A t — JqA u + ta, where a is a 9-valued 1-form on JqEG 

and a I = if dM ^ 0. This is also a connection on the bundle over M x I, 

® — 1 
so we take 74 : M x / — > BG correspondingly. Using Proposition 3.9 we have 

-4a/ (7* Ma/ (70)^ = -^dMx[o,t]ht\ dM y 1 exp^^- j _ j t *Tr{F u A F u ) 



Mx[0,t] 



and AdM{lt\ dM ) is independent of t. We denote the curvature of A t on the 
bundle over M x {t} by F t . The curvature of A t on the bundle over M x I is 
F t + dt A a. Finally we have 

lt *Tr(F u A F u ) = 2dt A Tr(a A F t ). 

Hence the connection A$ induced by 70 is a stationary point of Am if and only 
if F = 0. □ 
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